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In 2013 Noga Alon published the first pioneer work on the chromatic number of random Cayley
graphs [1]. He considered the typical behavior of the chromatic number of a random Cayley graph of
a given group of order n with respect to a randomly chosen set. This behavior depends on the group.
General, cyclic and abelian groups were considered by Noga Alon. As open problems, he suggested consider
more accurately the case of the symmetric group Symn.

In this talk we investigate bichromatic Cayley graphs Γ = Cay(Symn, S) on the symmetric group
Symn with a generating set S. The necessary and sufficient conditions of a Cayley graph Γ with the
chromatic number χ(Γ) = 2 are found.

Theorem 1 Let Γ = Cay(Symn, S) is a Cayley graph on the symmetric group Symn. Then Γ is
bichromatic if and only if the generating set S does not contain even permutations.

The proof is based on the classical Lagrange’s theorem in group theory and the Kelarev’s theorem [3],
which describes all finite inverse semigroups with bipartite Cayley graphs.

Theorem 2 Let a generating set S of a random Cayley graph Γ = Cay(Symn, S) consists of k randomly
chosen generators of Symn. If n > 2 and k < n!

2 , then Γ = Cay(Symn, S) is not, asymptotically almost
surely, bichromatic.

However, these results don’t give the conditions for a random Cayley graph Γ to be connected.

Open problem What are the necessary and sufficient conditions for Γ = Cay(Symn, S) to be connected,
where S is a randomly chosen generating set?

In a particular case, when the generating set S of Γ is defined by reversals, the necessary and sufficient
conditions of connectedness for Γ were found by Ting Chen and Steven Skiena in [2]. Let S consists of
all reversals of fixed length `. Then Γ = Cay(Symn, S) is connected if and only if ` ≡ 2(mod 4). In this
case |S| = n− ` and the number of such generating sets is equal to bn+1

4 c.
There are also two famous connected bichromatic Cayley graphs on the symmetric group known as

the Star and the Bubble-sort graphs. These graphs are used for modelling interconnections networks [4].
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