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Outline

@ Strategies in solving Lovazs problem
© Vertex-transitive graphs of order 4p
© Vertex-transitive graphs of order 6p

@ Vertex-transitive graphs of order pq

2/33



Outline

The current situation

Hamilton cycles (paths) are known to exist in these cases:

@ VTG of order p, 2p, 3p, 4p, 5p, 6p, 10p with the exception of one

particular family, 2p?, p* (for k < 4) (Alspach, Chen, Du, Marusi,
Parsons, Sparl, Zhang, KK, etc.);

@ VTG having groups with a cyclic commutator subgroup of order pk
(Durenberger, Gavlas, Keating, Marusi¢, Morris, Morris-Witte, etc.).

In short: the problem is still open.
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Outline

Some known results

Marusi¢, KK, 2008
With the exception of the Coxeter graph, every CVTG of order 4p,
where p is a prime, has a Hamilton cycle.

Sparl, KK, 2006
Every CVTG of order 6p, where p is a prime, has a Hamilton path.

KK, Marusi¢, Zhang, 2012

Every CVTG of order 10p, where p # 7 a prime, which is not
isomorphic to a quasiprimitive graph arising from the action of
PSL(2, k) on cosets of Zx x Zk_1)/10, contains a Hamilton path.

Du, Marusi¢, KK - Work in progress

Hamilton cycles in CVTG of order pg, where p and g are primes. )




Strategies in solving Lovazs problem

Strategy in solving Lovazs problem

e Lifting Hamilton cycles approach
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Strategies in solving Lovazs problem

Lifting Hamilton cycles approach

Imprimitivity block system

Given a transitive group G acting on a set V/, we say that a
partition B of V is G-invariant if the elements of G permute the
parts from B, called blocks of G, setwise. If the trivial partitions
{V} and {{v}: v € V} are the only G-invariant partitions of V,
then G is said to be primitive, and is said to be imprimitive
otherwise.

Semiregular automorphism

Given integers k > 1 and n > 2 we say that an automorphism of a
graph is (k, n)-semiregular if it has k orbits of length n and no
other orbit.

| A
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Strategies in solving Lovazs problem

Quotient graph

Given a partition B of the vertex set of the graph X we define the
quotient graph Xz of X relative to B to be the graph with

o V(Xg) =18
@ B, B’ € B are adjacent in Xp iff there is an edge between B
and B’ in X.
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Strategies in solving Lovazs problem

Lifting Hamilton cycles approach

This method is based on a quotiening/reduction with respect to an
imprimitivity block system of the corresponding automorphism
group or, sometimes, with respect to a suitable semiregular
automorphism, preferably one of prime order.
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Strategies in solving Lovazs problem

Example

The Holt graph — the smallest half-arc-transitive graph — given in
Frucht's notation with respect to the (3,9)-semiregular
automorphism p.
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Strategies in solving Lovazs problem

Theorems from general graph theory

Chvatal theorem, 1972

Let X be a graph and let S; = {x € V(X) | deg(x) < i}. Then X
has a Hamilton cycle if for each i < n/2 either |S;] <i—1 or
|5n_,'_1| <n—i-—1.

Jackson, 1978

Every 2-connected regular graph of order n and valency at least
n/3 has a Hamilton cycle.
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Vertex-transitive graphs of order 4p

CVTG 4p

Proposition
CVTG of order 4p, where p <5 is a prime, has a Hamilton cycle.

PROOF. The result clear for p = 2,3. We may therefore assume that

p =>5. Let X be a Cayley graph on a group G of order 20 and let P be a
Sylow 5-subgroup of G. Then P is normal in G and the quotient group
G/P, being of order 4, is abelian. Therefore, either G itself is abelian or
the commutator subgroup G’ < G is cyclic of order 5. Hence, by Witte,
1983, and Marusi¢, 1985, X has a Hamilton cycle. Let now X be a
non-Cayley graph of order 20. It can be deduced from McKay and Royle,
1990 that there are 80 posibilities for X, with only 16 of these having
valency less than 7. For these graphs Hamilton cycles were found with
use of program package MAGMA. O
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Vertex-transitive graphs of order 4p

CVTG4p, p>7

The strategy in our search for HC in CVTG of order 4p is based on
an analysis singling out two facts of the structure of the graphs in
question:

@ with respect to the (im)primitivity of AG.

@ with respect to an (4, p)-semiregular aut.

Marusi¢, 1981

Every VTG of order mp, where m < p has an (m, p)-semiregular
automorphism.
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Vertex-transitive graphs of order 4p

CVTG 4p — (Im)primitivity of AG

Non-trivial blocks in VTG of order 4p can be of size: 2, 4, p or 2p.

With the respect to the action of AutX we divide all VTG of order
4p, into eight classes:

Class | (4p) Class V (p:2:2)
Class Il (2:2p) Class VI (p:4)
Class Ill | (2p:2) Class VII (4:p)
Class IV | (2:p:2) || Class VIII | (2:2:p)
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Vertex-transitive graphs of order 4p

CVTG 4p — quotient graph with respect to (4, p)-SA

Let A = {A1, Az, A3, Ay} be the set of orbits of an
(4, p)-semiregular automorphism in VTG of order 4p. Then the
quotient graph Xj is one of the following:

A ALA A A A
O ) O . . . R
L XL ] e—ee
AL A /-\TA & A
A /7\/‘\1 A
ya A,
¢ “’J,A4 -O
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Vertex-transitive graphs of order 4p

CVTG of order 4p

[GlK KK ]P[Y]Y]

Class | (4p)

Class Il (2 :2p)
Class Il (2p:2)
Class IV (2:p:2)
Class V (p:2:2)
Class VI (p : 4)
Class VIl (4: p)
Class VIII (2:2: p)
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Vertex-transitive graphs of order 4p

CVTG 4p - Class |

Liebeck and Saxl, 1985

Let G be a primitive group of degree 4p, where p > 7 is a prime. Then G is
one of the following:

(i) As or Sg acting on the 28 = 4p unordered pairs of points from an
8-element set;
ii) PSL(2,8) acting on the 28 = 4p cosets of a subgroup Dis;
(iif) PGL(2,7) acting on the 28 = 4p cosets of a subgroup Di»;
(iv) PSL(2,16) < G < PIL(2,16) acting on the 68 = 4p cosets of a subgroup
Nc(PGL(2,4));
(v) PSL(3,3) < G < PGL(3,3) acting on the 52 = 4p incident point-line
pairs of PG(2, )

Class |

Let X be a CVTG of order 4p, p > 5, belonging to Class I. Then X is the
Coxeter graph or it has a Hamilton cycle.
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Vertex-transitive graphs of order 4p

CVTG 4p - Class Il (2 : 2p) and Class Il (2p : 2)

To show the existance of HC in graphs in these two classes we use the
following.

Liebeck and Saxl, 1985

A primitive group G of degree twice a prime is one of the following:
(i) G is simply primitive and p =5 and G = As or G = Ss;

(i) G = Azp or G = Syp;

(iii) p =11 and G = My;

t
(iv) p= 1+2‘72 , where g is an odd prime, AutPSL(2, k) containing PSL(2, k),
where k = q2t and q is an odd prime.

Moreover, G is simply primitive in case (i) and is doubly transitive in all other

cases.

17 / 33



Vertex-transitive graphs of order 4p

[l”]K R PlV]V]
Class | (4p) | BN | | | W[ x| N]
Class Il (2:2p) NN || NN
Class 11l (2p :2) NN | | N NN
Class IV (2:p:2) ||| W || AL AW
Class V (p:2:2) ||| N | | L BB B
Class VI (p : 4) NN | | HEHN
Class VII (4 : p) H N | | AL W
Class VIII (2:2: p) NN | | /) |/
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Vertex-transitive graphs of order 6p

CVTG 6p

Every CVTG of order 6p, where p is a prime, has a Hamilton path.

A graph obtained from the Petersen graph after a truncation.
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Vertex-transitive graphs of order 6p

CVTG 6p

VTG X of order 6p can be:

@ Primitive.
AutX acts primitive on the vertex set.

@ Quasiprimitive.
An imprimitive group is said to be quasiprimitive if each of its
nontrivial normal subgroup is transitive.
X is quasiprimitive if every transitive subgroup of AutX is
quasiprimitive.

@ Genuinely imprimitive.
Otherwise.
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Vertex-transitive graphs of order 6p

CVTG 6p - Primitive

Gamble, Praeger, 2000

Primitive groups of degree 6p:

’ G \ p \ action of G ‘
Sio 11 on pairs
PSL(2,17) | 17 | on cosets of Sy
PSL(3,5) | 31 | on cosets of Pj>
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Vertex-transitive graphs of order 6p

CVTG 6p - Quasiprimitive

Marusi¢, Scapellato, Zgrabli¢, 1995

Quasiprimitive groups of degree 6p:
I G ] Gg Gy [ p  T1IB[]

As Az Zs 5 5

A; Ao As 7 7
PSL(2,11) As Dio 11 11
PSL(3, 2) Ss 74 7 7
PSL(3, 2) S, 7 % Zp 7 7
PSL(3, 3) (Z3 x Z3) x GL(2,3) (Z3 X Z3) x Zg 13 13
PSL(3,3) | (Z3 X Z3) % GL(2,3) (Z3 X Z3) < Dg 3 3
PSL(3,3) | (Zs X Z3) x GL(2,3) (Zs X Z3) < Qg 3 3
PSL(3,5) | (Zs X Zs) % GL(2,5) | (Zs X Zs) X (Zs X (Zo X Z5)) 31 31

Ag As A4 5 6
PSL(2, k) Zi X Lk—1)/2 Zy X Zk—1)/2r (k+1)/2 | 2p
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Vertex-transitive graphs of order 6p

CVTG 6p - Genuinely imprimitive

Non-trivial blocks in VTG of order 6p can be of size:

2, 3, 6, p, 2p or 3p.
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Vertex-transitive graphs of order 6p

Gl CVTG 6p — blocks of size 2

Let X be a CVTG of order 6p. Let G be a transitive subgroup of
AutX that admits a complete block system B of 3p blocks of size
2, where B is formed by the orbits of some minimal normal
subgroup N < G. Then X has a Hamilton path.
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Vertex-transitive graphs of order 6p

Gl CVTG 6p — blocks of size 2

PROOF.

@ Since Xz is a VT 3p-graph it has a Hamilton cycle C.

@ Since blocks are orbits of a normal subgroup N < G, it can be seen
that for any two adjacent orbits B and B’ of N, the bipartite graph
[B, B'] contains a perfect matching.

@ Hence, C "lifts” either to a Hamilton cycle or disjoint union of two
cycles C; and G, of length 3p in X.

@ Since X is connected there exist u € V((;) and v € V((,) such
that u ~ v, so X has a Hamilton path.
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Vertex-transitive graphs of order pg

CVTG pqg, p>q

Based on the classification of vertex-transitive graphs of order pq,
done independently by Praeger, Xu, Wang and by Marusi¢,
Scapellato (early 90s).

Almost Theorem

A connected vertex-transitive graph of order pg other then the
Petersen graph contains a Hamilton cycle.

26 / 33



Vertex-transitive graphs of order pg

@ d transitive G < AutX with p-blocks
< X =metacirculant (Alspach, Parsons, Marusig, early 80s)

e I transitive G < AutX with g-blocks (and no subgroup with
p-blocks)
& X = Fermat graph (p = 2% + 1, g divides 22" — 1, etc.)
(Marusic, 1992)

o all transitive subgroups of AutX are primitive
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Vertex-transitive graphs of order pg

Primitive groups of degree pg

Primitive groups of degree pg without imprimitive subgroups and with
non-isomorphic generalized orbital graphs

[ soc G ] (p, q) | action | comment \
PQ+(2d, k) || (k% +1,5=51) | singular | d a power of 2
1-spaces | p a Fermat prime
Vi L 7)
A; (7,5) triples
PSL(2,61) (61,31) cosets of
As
PSL(2,4°) (#, q) cosets of qg>5
PGL(2,q)
PSL(2, p) (p, B1%) cosets of | p=1(mod4)
Dp—1 p>13
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Vertex-transitive graphs of order pg

Strategy

The strategy consists in:

@ first, quotiening the graph with respect to a semiregular
automorphism of order p,

@ second, using Chvatal theorem, finding a Hamilton cycle in the
corresponding quotient graph of order g,

@ third, lifting this cycle to a Hamilton cycle in the original graph.
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Vertex-transitive graphs of order pg

Example - A graph arising from the action of PSL(2,13) on the cosets of Dj

p=13and g=7
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Vertex-transitive graphs of order pg

Example - A graph arising from the action of PSL(2,13) on the cosets of Dj

p=13and g=7
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Vertex-transitive graphs of order pg

Open case

This approach works in all cases with the exception of the case when
G = PSL(2,p), p=1 (mod 8) and the corresponding graph of order
p(p +1)/2 has valency (p — 1) /4.

Work in progress linking the existence of Hamilton cycles with certain
number-theoretic conditions.
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Vertex-transitive graphs of order pg

Thank you !

klavdija.kutnarQupr.si
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