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Symmetry ...
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Symmetry ...
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Automorphims

An automorphism of a graph X = (V ,E ) is an isomorphism
of X with itself.

Thus each automorphism α of X is a permutation of the
vertex set V which preserves adjacency.
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Permutation groups

Permutation groups are a special case of group actions.
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Group action

A group action is an extension of the notion of a symmetry group
in which every element of the group “acts” like a bijective
transformation (or “symmetry”) of some set.

Group action

If G is a group and V is a set, then a group action is a group
homomorphism

χ : G → Sym(V ).

The action assigns a permutation of V to each element of the
group in such a way that the permutation of V assigned to

(1) the identity element of G is the identity transformation of V ;

(2) a product gk of two elements of G is the composition of the
permutations assigned to g and k .
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A group G acting on a set X : χ : G → Sym(X )

χ(G ) – permutation representation of G .

V – G -set.

For v ∈ V we define the orbit of v to be the subset

OrbG (v) = {χ(g)(v) | g ∈ G},

and we define the stabilizer of v to be the subset

Gv = {g ∈ G | χ(g)(v) = v}.

χ(g)(v) := vg .
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Types of actions

The action of G on V 6= ∅ is called

transitive if OrbG (v) = V , v ∈ V .

faithful if Kerχ = 1.

semiregular (fixed point free) if Gv = 1 for every v ∈ V .

regular if it is both transitive and semiregular.

primitive if it is transitive and preserves no non-trivial partition
of V .
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Vertex-transitive graphs

A graph is vertex-transitive if its automorphism group acts
transitively on vertices.
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One-to-one correspondence

Essentially

Study of vertex-transitive graphs

≡

Study of pairs of groups (G ,H), with H < G
with suitable combinatorial structure
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Group actions - examples

Coset action

Let H ≤ G and let G/H be the (left) coset space of G with respect
to H. Then a map from G ×G/H to G/H sending (g , xH) to gxH
(left multiplication map) defines a (left) action of G on G/H.

Cayley’s theorem A group G is isomorphic to a subgroup of Sym(G); in

particular, if G is finite with |G | = n, then G is isomorphic to a subgroup of Sn.
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How is it done?

One-to-one correspondence VTG and pairs (G ,H) with H < G .

⇒
X = (V ,E ) ... graph
G ≤ Aut(X ) ... transitive subgroup
H = Gv , v ∈ V ... vertex-stabilizer
(G ,H) ... pair
V = G/H ... coset space
Adjacency?
H ∼ sH where s ∈ S ⊆ G and correspondingly gH ∼ gsH, g ∈ G
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How is it done?

One-to-one correspondence VTG and pairs (G ,H) with H < G .

⇐
Via orbital space
G ... group
H ≤ G ... subgroup
O(G ,H) ... orbital space arising from action of G on Cartesian
product G/H × G/H.
V = G/H ... vertex set
E =union of orbits of G on O(G ,H) ... edge set
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The Petersen graph

What is its automorphism group?
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The Petersen graph GP(5, 2)

The vertices of GP(5, 2) correspond to the 2-element subsets of a
set of 5 elements I5 = {1, 2, 3, 4, 5}, and two vertices are adjacent
if and only if the two corresponding sets are disjoint. Since any
permutation α ∈ S5 maps two disjoint 2-element subsets of I5 to
disjoint sets it follows that α is in fact an automorphism of
GP(5, 2), and thus S5 ≤ Aut(GP(5, 2)).
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The Petersen graph GP(5, 2)

We have shown the existence of the monomorphism (faithful
action) from S5 to Aut(GP(5, 2)).

To prove that this monomorphism is in fact an isomorphism it
suffices to show the existence of a monomorphism (faithful action)
from Aut(GP(5, 2)) to S5.
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The Petersen graph GP(5, 2)

Each color corresponds to an element from {1, 2, 3, 4, 5}.

Aut(GP(5, 2))v ∼= S3 × Z2.
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The Petersen graph GP(5, 2)

Each color corresponds to an element from {1, 2, 3, 4, 5}.
Aut(GP(5, 2))v ∼= S3 × Z2.
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Representing transitive actions on combinatorial objects

The Petersen graph provides the most suitable environment for
representing all possible transitive group actions arising from pairs
(A5,H), H ≤ A5.
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Representing transitive actions on combinatorial objects

Lattice of conjugacy classes of subgroups of A5.
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Chain 1

A5

S3 10 vertices (undirected 6-cycles)

C3 20 directed 6-cycles

id
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Chain 2

A5

A4 5 triples of edges of same color

C2 × C2 15 edges

C2 30 arcs

id
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Chain 3

A5

D10 6 pairs of disjoint 5-cycles (2-factors / 1-factors)

C5 12 5-cycles

id
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Chain 4

A5

D10 6 quintuples of arcs (1-factors / 2-factors)

C2 30 arcs

id

Dragan Marušič Symmetry



Chain 5

A5

S3 10 triples of arcs with same tail (vertices)

C2 30 arcs

id
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Chain 6

A5

A4 5 quadruples of 6-cycles (triples of edges of same color)

C3 20 directed 6-cycles

id
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Exercises

1 Show that a transitive abelian permutation group is regular.

2 Show that a compete graph Kn of order n is vertex-transitive and has
automorphism group Sn.

3 Give a regular permutation representation of the dihedral group of order 8.

4 Find all non-isomorphic transitive actions of G ∈ {Z7,Z10,D10, S4, S3 × Z4}.
Which of them are primitive?

5 Show that the octahedron graph is vertex-transitive.

6 Construct a graph on 6 vertices with trivial automorphism group.

7 Give examples of three pairwise non-isomorphic regular graphs of order 8 and
valency 3.

8 Find the smallest regular but not vertex-transitive graph.

9 Let n ≥ 3 be a positive integer, and let 1 ≤ k < n/2}. The generalized Petersen
graph GP(n, k) is the graph with

V (GP(n, k)) = {ui | i ∈ Zn} ∪ {vi | i ∈ Zn},
E(GP(n, k)) = {uiui+1 | i ∈ Zn} ∪ {vivi+k | i ∈ Zn} ∪ {uivi | i ∈ Zn}.

Let G = Aut(GP(n, k)) and let H ≤ G be the subgroup of those
automorphisms fixing the set of “spokes” {uivi | i ∈ Zn} setwise. Prove that H
acts transitively on the vertex set of GP(n, k) if and only if k2 ≡ ±1 (mod n).

10 Determine the automorphism group of the 5-prism GP(5, 1).
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When are two transitive G -sets isomorphic?

Isomorphic actions

If H and K are subgroups of G , then the G -sets G/H and G/K
are isomorphic iff H and K are conjugate in G .

Equivalence classes of transitive G -sets

Equivalence classes of transitive G -sets are in bijection with
conjugacy classes of subgroups of G .
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Thank you!
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