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Cayley graph

Cayley graph

Given a group G and a generating set S of G such that S = S—!
and 1 ¢ S, the Cayley graph Cay(G,S) of G relative to S has
vertex set G and edge set {g ~gs| g€ G,s € S}.
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Cayley graphs & vertex-transitive graphs

o Every Cayley graph is vertex-transitive.

@ There exists vertex-transitive graphs that are not Cayley.

Is not Cayley Is Cayley
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Orbitals = suborbits

One-to-one correspondence between orbitals and the action of the
stabilizer on the cosets, called suborbits.
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The cube Qs - pair (S4 X Z5, S3)
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Qs = Cay(Z3, {100,010, 001})

0=000 i+j=110
i=100 i+ k=101
j=010 j+k=011
k=001 i+j+k=111
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The cube Qs - pair (S4 X Z5, S3)

(1,1,0) (LL1)

{L0,1
(1,0,0) it
(0,1,1)
10,1,0) / :
(0,0,0
(0,0,1)

0=000 i+j=110
i=100 i+k=101
j=010 j+k=011
k=001 i+j+k=111

AUt(Q3) > S, X Zo
H = ((i,J, k)i 44, + ky i+ k), G, K)(i 4, i+ k) = 53
Suborbits of H: {0}, {i+j + k}, {i,j,k}, {i+j,j+ k,i+ k}
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The Petersen graph GP(5,2) - pair (Ss, S3 X Zj)

Aut(GP(5,2)) = Ss
H = {O’ €Sy ‘ {1,2}0 = {1,2}} =~ S3 X Zp
Suborbits of H: {12}, {34,45,35}, {15,25,13,23, 14, 24}




The open problem in vertex-transitive graphs

@ A simple cycle that traverses every vertex exactly once is
called a Hamiltonian cycle (Hamiltonian circuit).

@ Similarly, a simple path that traverses every vertex exactly
once is a Hamiltonian path.

@ A hamiltonian graph is a graph that possesses a Hamiltonian
cycle.

Lovasz, 1969

Does every connected vertex-transitive graph have a Hamiltonian
path?
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The open problem in vertex-transitive graphs

Only connected VTG without Hamiltonian cycle are known:
o Petersen graph
@ A graph obtained from the Petersen graph after a truncation
@ Coxeter graph

@ A graph obtained from the Coxeter graph after a truncation
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Exercises

Show that the Petersen graph is not hamiltonian.

Show that the Coxeter graph is not hamiltonian.

©00

Show that a truncation of a non-hamiltonian cubic graph is

not hamiltonian.

© Draw the Cayley graph Cay(Zo,{1,3,6,8}). Which group
automorphism of Zg are contaned in
Aut(Cay(Zg,{1,3,6,8})).

© Show that a Cayley graph of an abelian group of valency at

least 3 has girth 3 or 4.
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Thank you!
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