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\frame{\titlepage}

% \begin{frame}{Outline}
% \begin{itemize}%%[<+->]
% \item
% Definitions (Doob graph, perfect codes)
% \end{itemize}
% \end{frame}

\begin{frame}{Hamming graph}
\begin{itemize}%[<+->]
\item 
The \alert{Hamming graph $H(n,q)$} is the Cartesian product $K^n_q$ of $n$ copies of the complete graph $K_q$ of order $q$.

\item 
The number of vertices in $H(n,q)$ is $q^n$, and the independence number
of $H(n,q)$ is $q^{n-1} = q^n/q$. The maximum (of cardinality $q^{n-1}$)
independent sets in $H(n,q)$ are known as the \alert{(distance-$2$) MDS codes}.

\item 
In combinatorics, these objects are also known as the \alert{latin hypercubes}.
In this case, one of the coordinates is usually considered as dependent from the others.

\item 
If a latin hypercube is considered as the value table of 
an $(n-1)$-ary operation $Q$, then the corresponding system 
$(V(K_q), Q)$ is known as a multary, or polyadic, or $(n-1)$-ary quasigroup.

\end{itemize}
\end{frame}


\begin{frame}{Examples of MDS codes}
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=white,draw=black, 
           inner sep=2.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=2.4pt}]
\draw[] (0,3) to [out=-120,in=120]  (0,0); \draw[] (0,2) to [out=-55,in=55]  (0,0); \draw[] (0,3) to [out=-55,in=55]  (0,1);
\draw[] (0,3)--(0,0); 
\draw 
 (0,0) node [nz] {} +(0,1) node [nz] {} +(0,2) node [zz] {} +(0,3) node [nz] {};
\end{tikzpicture}\ \ \ \ 
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=white,draw=black, 
           inner sep=2.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.05,-0.05) rectangle (3.05,3.05);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\end{scope}
\draw[] (0,3) to [out=-110,in=110]  (0,0); \draw[] (0,2) to [out=-60,in=60]  (0,0); \draw[] (0,3) to [out=-60,in=60]  (0,1);
\draw[] (1,3) to [out=-110,in=110]  (1,0); \draw[] (1,2) to [out=-60,in=60]  (1,0); \draw[] (1,3) to [out=-60,in=60]  (1,1);
\draw[] (2,3) to [out=-110,in=110]  (2,0); \draw[] (2,2) to [out=-60,in=60]  (2,0); \draw[] (2,3) to [out=-60,in=60]  (2,1);
\draw[] (3,3) to [out=-110,in=110]  (3,0); \draw[] (3,2) to [out=-60,in=60]  (3,0); \draw[] (3,3) to [out=-60,in=60]  (3,1);
%
\draw[] (0,0) to [out=-20,in=-160]  (3,0); \draw[] (0,0) to [out=30,in=150]  (2,0); \draw[] (1,0) to [out=30,in=150]  (3,0);
\draw[] (0,1) to [out=-20,in=-160]  (3,1); \draw[] (0,1) to [out=30,in=150]  (2,1); \draw[] (1,1) to [out=30,in=150]  (3,1);
\draw[] (0,2) to [out=-20,in=-160]  (3,2); \draw[] (0,2) to [out=30,in=150]  (2,2); \draw[] (1,2) to [out=30,in=150]  (3,2);
\draw[] (0,3) to [out=-20,in=-160]  (3,3); \draw[] (0,3) to [out=30,in=150]  (2,3); \draw[] (1,3) to [out=30,in=150]  (3,3);
%
\draw 
 (0,0) 
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [nz]{}
++(0,1)
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{}
++(0,1) 
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [zz]{}
++(0,1) 
 node [nz] {} +(1,0) node [zz] {} +(2,0) node [nz] {} +(3,0) node [nz]{};
\end{tikzpicture}
\ \ \ \ 
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=yellow,draw=black, 
           inner sep=2.4pt},
az/.style={circle,fill=red,draw=black, 
           inner sep=2.4pt},
bz/.style={circle,fill=green,draw=black, 
           inner sep=2.4pt},
cz/.style={circle,fill=blue,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.05,-0.05) rectangle (3.05,3.05);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\end{scope}
\draw[] (0,3) to [out=-110,in=110]  (0,0); \draw[] (0,2) to [out=-60,in=60]  (0,0); \draw[] (0,3) to [out=-60,in=60]  (0,1);
\draw[] (1,3) to [out=-110,in=110]  (1,0); \draw[] (1,2) to [out=-60,in=60]  (1,0); \draw[] (1,3) to [out=-60,in=60]  (1,1);
\draw[] (2,3) to [out=-110,in=110]  (2,0); \draw[] (2,2) to [out=-60,in=60]  (2,0); \draw[] (2,3) to [out=-60,in=60]  (2,1);
\draw[] (3,3) to [out=-110,in=110]  (3,0); \draw[] (3,2) to [out=-60,in=60]  (3,0); \draw[] (3,3) to [out=-60,in=60]  (3,1);
%
\draw[] (0,0) to [out=-20,in=-160]  (3,0); \draw[] (0,0) to [out=30,in=150]  (2,0); \draw[] (1,0) to [out=30,in=150]  (3,0);
\draw[] (0,1) to [out=-20,in=-160]  (3,1); \draw[] (0,1) to [out=30,in=150]  (2,1); \draw[] (1,1) to [out=30,in=150]  (3,1);
\draw[] (0,2) to [out=-20,in=-160]  (3,2); \draw[] (0,2) to [out=30,in=150]  (2,2); \draw[] (1,2) to [out=30,in=150]  (3,2);
\draw[] (0,3) to [out=-20,in=-160]  (3,3); \draw[] (0,3) to [out=30,in=150]  (2,3); \draw[] (1,3) to [out=30,in=150]  (3,3);
%
\draw 
 (0,0) 
 node [nz] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [cz]{}
++(0,1)
 node [bz] {} +(1,0) node [nz] {} +(2,0) node [cz] {} +(3,0) node [az]{}
++(0,1) 
 node [az] {} +(1,0) node [cz] {} +(2,0) node [nz] {} +(3,0) node [bz]{}
++(0,1) 
 node [cz] {} +(1,0) node [az] {} +(2,0) node [bz] {} +(3,0) node [nz]{};
\end{tikzpicture}
\ \ \ \ 
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=yellow,draw=black, 
           inner sep=2.4pt},
az/.style={circle,fill=red,draw=black, 
           inner sep=2.4pt},
bz/.style={circle,fill=green,draw=black, 
           inner sep=2.4pt},
cz/.style={circle,fill=blue,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.05,-0.05) rectangle (3.05,3.05);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\end{scope}
\draw[] (0,3) to [out=-110,in=110]  (0,0); \draw[] (0,2) to [out=-60,in=60]  (0,0); \draw[] (0,3) to [out=-60,in=60]  (0,1);
\draw[] (1,3) to [out=-110,in=110]  (1,0); \draw[] (1,2) to [out=-60,in=60]  (1,0); \draw[] (1,3) to [out=-60,in=60]  (1,1);
\draw[] (2,3) to [out=-110,in=110]  (2,0); \draw[] (2,2) to [out=-60,in=60]  (2,0); \draw[] (2,3) to [out=-60,in=60]  (2,1);
\draw[] (3,3) to [out=-110,in=110]  (3,0); \draw[] (3,2) to [out=-60,in=60]  (3,0); \draw[] (3,3) to [out=-60,in=60]  (3,1);
%
\draw[] (0,0) to [out=-20,in=-160]  (3,0); \draw[] (0,0) to [out=30,in=150]  (2,0); \draw[] (1,0) to [out=30,in=150]  (3,0);
\draw[] (0,1) to [out=-20,in=-160]  (3,1); \draw[] (0,1) to [out=30,in=150]  (2,1); \draw[] (1,1) to [out=30,in=150]  (3,1);
\draw[] (0,2) to [out=-20,in=-160]  (3,2); \draw[] (0,2) to [out=30,in=150]  (2,2); \draw[] (1,2) to [out=30,in=150]  (3,2);
\draw[] (0,3) to [out=-20,in=-160]  (3,3); \draw[] (0,3) to [out=30,in=150]  (2,3); \draw[] (1,3) to [out=30,in=150]  (3,3);
%
\draw 
 (0,0) 
 node [nz] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [cz]{}
++(0,1)
 node [bz] {} +(1,0) node [az] {} +(2,0) node [cz] {} +(3,0) node [nz]{}
++(0,1) 
 node [az] {} +(1,0) node [cz] {} +(2,0) node [nz] {} +(3,0) node [bz]{}
++(0,1) 
 node [cz] {} +(1,0) node [nz] {} +(2,0) node [bz] {} +(3,0) node [az]{};
\end{tikzpicture}
\ \

$$\begin{array}{|ccccc|}\hline
0&1&2&3&4\\
1&0&3&4&2\\
2&4&0&1&3\\
3&2&4&0&1\\
4&3&1&2&0\\\hline
\end{array}$$
\end{frame}

\begin{frame}{The number of MDS codes}
\begin{eqnarray*}
 &|MDS(H(n,2))|& = 2\\
 &|MDS(H(n,3))|& = 3\cdot 2^{n-1} \\
 &|MDS(H(n,4))|& = 2^{2^{n(1+o(1))}}\ \ < 2^{2^{2n}}\mbox{ (\# of all sets)}\\
2^{2^{n/2}} \le &|MDS(H(n,5)|& \le 2^{3^{n(1+o(1))}}\\
2^{3^{n}} \le &|MDS(H(n,6))|& \le 2^{4^{n(1+o(1))}}\\
...............\\
2^{2^{cn}} \le &|MDS(H(n,q))|& \le 2^{2^{c'n}}\\
\end{eqnarray*}
To compare, for binary perfect codes
$$ 2^{2^{n/2(1+o(1))}} \le |BPC(H(n,5))| \le 2^{2^{n(1+o(1))}} $$
The same situation with Boolean bent functions.
\end{frame}

\begin{frame}{Srikhande graph}
\begin{tikzpicture}[
scale=1.0,
nn/.style={circle,fill=white,draw=black,thick, 
           inner sep=0.8pt}]
           \begin{scope} %xslant=0.577,
\clip [] (-0.45,-0.45) rectangle (3.45,3.45);
\draw[ystep=1,xstep=1,very thick] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1,very thick] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
\draw [dashed,thin] (-0.5,-0.5) rectangle (3.5,3.5);
\draw [dashed,thin,<->,rounded corners=5mm] (-0.5,2.7) -- (-1.2,2.7) -- (-1.2,3.8) -- (4.2,3.8) --(4.2,2.7) -- (3.5,2.7);
\draw [dashed,thin,<->,rounded corners=5mm] (-0.5,0.3) -- (-1.2,0.3) -- (-1.2,-0.8) -- (4.2,-0.8) --(4.2,0.3) -- (3.5,0.3);
\draw [dashed,thin,<->,rounded corners=5mm] (0.3,-0.5) -- (0.3,-1.2) -- (-0.8,-1.2) -- (-0.8,4.2) --(0.3,4.2) -- (0.3,3.5);
\draw [dashed,thin,<->,rounded corners=5mm] (2.7,-0.5) -- (2.7,-1.2) -- (3.8,-1.2) -- (3.8,4.2) --(2.7,4.2) -- (2.7,3.5);
\draw 
  (0,0) node [nn] {$ 00$} +(1,0) node [nn] {$ 10$} +(2,0) node [nn] {$ 20$} +(3,0) node [nn] {$ 30$}
++(0,1) node [nn] {$ 01$} +(1,0) node [nn] {$ 11$} +(2,0) node [nn] {$ 21$} +(3,0) node [nn] {$ 31$}
++(0,1) node [nn] {$ 02$} +(1,0) node [nn] {$ 12$} +(2,0) node [nn] {$ 22$} +(3,0) node [nn] {$ 32$}
++(0,1) node [nn] {$ 03$} +(1,0) node [nn] {$ 13$} +(2,0) node [nn] {$ 23$} +(3,0) node [nn] {$ 33$};
\end{tikzpicture}

The Shrikhande graph $Sh$ can be considered as the Cayley graph of $Z_4^2$ with the connecting set $\{01,10,11,03,30,33\}$.

\end{frame}
\begin{frame}{Srikhande graph}
\begin{tikzpicture}[xslant=-0.6,
xscale=1.0, yscale=0.8,
nn/.style={circle,fill=white,draw=black,thick, 
           inner sep=0.8pt}]
           \begin{scope} %xslant=0.577,
\clip [] (-0.45,-0.45) rectangle (3.45,3.45);
\draw[ystep=1,xstep=1,very thick] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1,very thick] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
\draw [dashed,thin] (-0.5,-0.5) rectangle (3.5,3.5);
\draw [dashed,thin,<->,rounded corners=5mm] (-0.5,2.7) -- (-1.2,2.7) -- (-1.2,3.8) -- (4.2,3.8) --(4.2,2.7) -- (3.5,2.7);
\draw [dashed,thin,<->,rounded corners=5mm] (-0.5,0.3) -- (-1.2,0.3) -- (-1.2,-0.8) -- (4.2,-0.8) --(4.2,0.3) -- (3.5,0.3);
\draw [dashed,thin,<->,rounded corners=5mm] (0.3,-0.5) -- (0.3,-1.2) -- (-0.8,-1.2) -- (-0.8,4.2) --(0.3,4.2) -- (0.3,3.5);
\draw [dashed,thin,<->,rounded corners=5mm] (2.7,-0.5) -- (2.7,-1.2) -- (3.8,-1.2) -- (3.8,4.2) --(2.7,4.2) -- (2.7,3.5);
\draw 
  (0,0) node [nn] {$00$} +(1,0) node [nn] {$10$} +(2,0) node [nn] {$20$} +(3,0) node [nn] {$30$}
++(0,1) node [nn] {$01$} +(1,0) node [nn] {$11$} +(2,0) node [nn] {$21$} +(3,0) node [nn] {$31$}
++(0,1) node [nn] {$02$} +(1,0) node [nn] {$12$} +(2,0) node [nn] {$22$} +(3,0) node [nn] {$32$}
++(0,1) node [nn] {$03$} +(1,0) node [nn] {$13$} +(2,0) node [nn] {$23$} +(3,0) node [nn] {$33$};
\end{tikzpicture}
\end{frame}


\def\shpart#1 #2 #3 #4!{node [#1] {} +(1,0) node [#2] {} +(2,0) node [#3] {} +(3,0) node [#4] {}}
\def\SS#1#2#3#4{\begin{tikzpicture}[
scale=0.3,
nz/.style={circle,fill=white,draw=black, 
           inner sep=1.4pt},
xz/.style={circle,fill=black!50!white,draw=black, 
           inner sep=1.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=1.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
\draw 
 (0,0) \shpart #4!
++(0,1) \shpart #3!
++(0,1) \shpart #2!
++(0,1) \shpart #1!;
\end{tikzpicture}}
\def\KK#1#2#3#4{\begin{tikzpicture}[
scale=0.3,
nz/.style={circle,fill=white,draw=black, 
           inner sep=1.4pt},
xz/.style={circle,fill=black!50!white,draw=black, 
           inner sep=1.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=1.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.05,-0.05) rectangle (3.05,3.05);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\end{scope}
\draw[] (0,3) to [out=-110,in=110]  (0,0); \draw[] (0,2) to [out=-60,in=60]  (0,0); \draw[] (0,3) to [out=-60,in=60]  (0,1);
\draw[] (1,3) to [out=-110,in=110]  (1,0); \draw[] (1,2) to [out=-60,in=60]  (1,0); \draw[] (1,3) to [out=-60,in=60]  (1,1);
\draw[] (2,3) to [out=-110,in=110]  (2,0); \draw[] (2,2) to [out=-60,in=60]  (2,0); \draw[] (2,3) to [out=-60,in=60]  (2,1);
\draw[] (3,3) to [out=-110,in=110]  (3,0); \draw[] (3,2) to [out=-60,in=60]  (3,0); \draw[] (3,3) to [out=-60,in=60]  (3,1);
%
\draw[] (0,0) to [out=-20,in=-160]  (3,0); \draw[] (0,0) to [out=30,in=150]  (2,0); \draw[] (1,0) to [out=30,in=150]  (3,0);
\draw[] (0,1) to [out=-20,in=-160]  (3,1); \draw[] (0,1) to [out=30,in=150]  (2,1); \draw[] (1,1) to [out=30,in=150]  (3,1);
\draw[] (0,2) to [out=-20,in=-160]  (3,2); \draw[] (0,2) to [out=30,in=150]  (2,2); \draw[] (1,2) to [out=30,in=150]  (3,2);
\draw[] (0,3) to [out=-20,in=-160]  (3,3); \draw[] (0,3) to [out=30,in=150]  (2,3); \draw[] (1,3) to [out=30,in=150]  (3,3);
%
\draw 
 (0,0) \shpart #4!
++(0,1) \shpart #3!
++(0,1) \shpart #2!
++(0,1) \shpart #1!;
\end{tikzpicture}}
\def\KKK#1#2#3#4{\begin{tikzpicture}[
scale=0.3,
nz/.style={circle,fill=white,draw=black, 
           inner sep=1.4pt},
xz/.style={circle,fill=black!50!white,draw=black, 
           inner sep=1.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=1.4pt}]
\draw[] (0,3) to [out=-120,in=120]  (0,0); \draw[] (0,2) to [out=-55,in=55]  (0,0); \draw[] (0,3) to [out=-55,in=55]  (0,1);
\draw[] (0,3)--(0,0); 
\draw 
 (0,0) node [#1] {} +(0,1) node [#2] {} +(0,2) node [#3] {} +(0,3) node [#4] {};
\end{tikzpicture}}

\begin{frame}{The Doob graphs}

\begin{itemize}%[<+->]
 \item $D(m,n) = Sh^m\times K_4^n = $ {\Huge $\SS{zz zz zz zz}{zz zz zz zz}{zz zz zz zz}{zz zz zz zz}^m \times 
 \KKK{zz}{zz}{zz}{zz}^n $ }

 \item If $m>0$ then $D(m,n)$ is a \alert{Doob graph}.
 
  \item $D(0,n)$ is the \alert{Hamming graph} $H(n,4)$\\ (in general, $H(n,q)=K_q^n$)

    \item $D(m,n)$ is a distance-regular graph with the same parameters as $H(2m+n,4)$.
\end{itemize}

\end{frame}

\begin{frame}{Distance-2 MDS codes}

\begin{itemize}%[<+->]
 \item It is easy to see that the independence number of $D(m,n)$ is $4^{2m+n}/4$.
 
\item The maximum independent sets in the Hamming graphs are known as the \alert{(distance-$2$) MDS codes}.

\item We call the maximum independent sets in the Doob graphs \alert{(distance-$2$) MDS codes} too,
as they have the same parameters considered as error-correcting codes and as completely regular codes.
\end{itemize}
\end{frame}

\begin{frame}{Distance-2 MDS codes}

\begin{itemize}%[<+->]
 \item There are $4$ trivial MDS codes in $D(0,1)$; 
\item $24$ equivalent MDS codes in $D(0,2)$; 
\item $16$ MDS codes in $D(1,0)$,\\ 
which form two equivalence classes (with $4$ and $12$ representatives, respectively).
\end{itemize}
\end{frame}

\begin{frame}{MDS codes in $D(1,0)$ and $D(1,1)$}
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=white,draw=black, 
           inner sep=2.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
 \draw 
 (0,0) 
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{}
++(0,1)
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [nz]{}
++(0,1) 
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{}
++(0,1) 
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [nz]{};
\end{tikzpicture}
\ \ \ 
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=white,draw=black, 
           inner sep=2.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
 \draw 
 (0,0) 
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [nz]{}
++(0,1)
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{}
++(0,1) 
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [nz] {} +(3,0) node [nz]{}
++(0,1) 
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{};
\end{tikzpicture}
\ \ \ 
\\[1cm] 
\begin{tikzpicture}[
scale=0.6,
az/.style={circle,fill=yellow,draw=black, 
           inner sep=2.4pt},
bz/.style={circle,fill=red,draw=black, 
           inner sep=2.4pt},
cz/.style={circle,fill=green,draw=black, 
           inner sep=2.4pt},
dz/.style={circle,fill=blue,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
 \draw 
 (0,0) 
 node [az] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [bz]{}
++(0,1)
 node [cz] {} +(1,0) node [dz] {} +(2,0) node [cz] {} +(3,0) node [dz]{}
++(0,1) 
 node [az] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [bz]{}
++(0,1) 
 node [cz] {} +(1,0) node [dz] {} +(2,0) node [cz] {} +(3,0) node [dz]{};
\end{tikzpicture}
\ \ \ 
\begin{tikzpicture}[
scale=0.6,
az/.style={circle,fill=yellow,draw=black, 
           inner sep=2.4pt},
bz/.style={circle,fill=red,draw=black, 
           inner sep=2.4pt},
cz/.style={circle,fill=green,draw=black, 
           inner sep=2.4pt},
dz/.style={circle,fill=blue,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
 \draw 
 (0,0) 
 node [az] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [bz]{}
++(0,1)
 node [cz] {} +(1,0) node [dz] {} +(2,0) node [cz] {} +(3,0) node [dz]{}
++(0,1) 
 node [bz] {} +(1,0) node [az] {} +(2,0) node [bz] {} +(3,0) node [az]{}
++(0,1) 
 node [cz] {} +(1,0) node [dz] {} +(2,0) node [cz] {} +(3,0) node [dz]{};
\end{tikzpicture}
\ \ \ 
\begin{tikzpicture}[
scale=0.6,
az/.style={circle,fill=yellow,draw=black, 
           inner sep=2.4pt},
bz/.style={circle,fill=red,draw=black, 
           inner sep=2.4pt},
cz/.style={circle,fill=green,draw=black, 
           inner sep=2.4pt},
dz/.style={circle,fill=blue,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.4,-0.4) rectangle (3.4,3.4);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\draw[xslant=1,ystep=9,xstep=1] (-3.4,-2.1) grid (6.4,3.9);
\end{scope}
 \draw 
 (0,0) 
 node [az] {} +(1,0) node [bz] {} +(2,0) node [az] {} +(3,0) node [bz]{}
++(0,1)
 node [cz] {} +(1,0) node [dz] {} +(2,0) node [cz] {} +(3,0) node [dz]{}
++(0,1) 
 node [bz] {} +(1,0) node [az] {} +(2,0) node [bz] {} +(3,0) node [az]{}
++(0,1) 
 node [dz] {} +(1,0) node [cz] {} +(2,0) node [dz] {} +(3,0) node [cz]{};
\end{tikzpicture}
\end{frame}

\begin{frame}{Distance-2 MDS codes}

\begin{itemize}%[<+->]

\item The number of MDS codes in $D(0,n)$ is $$2^{2^{n-1}(1+o(1))}$$ (actually, the asymptotics is known [V Potapov, DK, 2006]).

\item \alert{MAIN THEOREM:} The number of MDS codes in $D(m,n)$ is $$2^{2^{2m+n-1}(1+o(1))}.$$

\end{itemize}

\end{frame}

\begin{frame}{Lower bound: simple construction}
For every function $\lambda$ 
from $\big(\{0,1,2,3\}^m\times\{0,1\}^n\big)_{\mathrm{even}}$
 to $\{0,1\}$,
 the set

\begin{eqnarray*}
\mbox{}\!\!\!\!\!\!\!\!\!\!\!\!\! M_\lambda 
 \stackrel{\scriptscriptstyle \mathrm{def}}=
 \bigg\{(x'_1 x''_1,...,x'_{m+n}x''_{m+n})\in D(m,n) &\Big|& \sum_{i=1}^{m+n} x'_i \equiv 0{\scriptstyle \bmod 2},\\
           &&\sum_{i=1}^{m+n} x''_i \equiv \lambda(x'_1,...,x'_{m+n}) {\scriptstyle \bmod 2} \bigg\} 
\end{eqnarray*}
is an MDS code. This gives $2^{2^{2m+n-1}}$ different MDS codes in $D(m,n)$.
\end{frame}

\begin{frame}{Upper bound: the map $\xi$}
The map $\xi$ from $\mathrm{MDS}_{D(1,0)}$ to $\mathrm{MDS}_{D(0,2)}$
$$
\mbox{}\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!
\begin{array}{cccc}
\uncover<1,4,6>{\SS{zz nz nz nz}{nz nz zz nz}{zz nz nz nz}{nz nz zz nz}}&
\uncover<1,5,6>{\SS{zz nz nz nz}{nz zz nz nz}{nz nz zz nz}{nz nz nz zz}}&
\uncover<1,4,6>{\SS{nz zz nz nz}{nz nz nz zz}{nz zz nz nz}{nz nz nz zz}}&
\uncover<1,5,6>{\SS{nz nz nz zz}{zz nz nz nz}{nz zz nz nz}{nz nz zz nz}}
\\
\uncover<1->   {\SS{zz nz zz nz}{nz nz nz nz}{zz nz zz nz}{nz nz nz nz}}&
\uncover<1,3,6>{\SS{nz zz nz zz}{nz nz nz nz}{zz nz zz nz}{nz nz nz nz}}&
\uncover<1->   {\SS{nz zz nz zz}{nz nz nz nz}{nz zz nz zz}{nz nz nz nz}}&
\uncover<1,3,6>{\SS{zz nz zz nz}{nz nz nz nz}{nz zz nz zz}{nz nz nz nz}}
\\
\uncover<1,4,6>{\SS{nz nz zz nz}{zz nz nz nz}{nz nz zz nz}{zz nz nz nz}}&
\uncover<1,5,6>{\SS{nz zz nz nz}{nz nz zz nz}{nz nz nz zz}{zz nz nz nz}}&
\uncover<1,4,6>{\SS{nz nz nz zz}{nz zz nz nz}{nz nz nz zz}{nz zz nz nz}}&
\uncover<1,5,6>{\SS{nz nz zz nz}{nz nz nz zz}{zz nz nz nz}{nz zz nz nz}}
\\
\uncover<1->   {\SS{nz nz nz nz}{zz nz zz nz}{nz nz nz nz}{zz nz zz nz}}&
\uncover<1,3,6>{\SS{nz nz nz nz}{nz zz nz zz}{nz nz nz nz}{zz nz zz nz}}&
\uncover<1->   {\SS{nz nz nz nz}{nz zz nz zz}{nz nz nz nz}{nz zz nz zz}}&
\uncover<1,3,6>{\SS{nz nz nz nz}{zz nz zz nz}{nz nz nz nz}{nz zz nz zz}}
\end{array}
\ \  \mbox{\Large$\stackrel{\xi}\to$}\ \ %
\begin{array}{cccc}
\uncover<1,4,6>{\KK{nz nz nz zz}{zz nz nz nz}{nz zz nz nz}{nz nz zz nz}}&
\uncover<1,5,6>{\KK{nz nz zz nz}{zz nz nz nz}{nz nz nz zz}{nz zz nz nz}}&
\uncover<1,4,6>{\KK{zz nz nz nz}{nz nz nz zz}{nz nz zz nz}{nz zz nz nz}}&
\uncover<1,5,6>{\KK{zz nz nz nz}{nz nz zz nz}{nz zz nz nz}{nz nz nz zz}}
\\
\uncover<1->   {\KK{nz zz nz nz}{zz nz nz nz}{nz nz nz zz}{nz nz zz nz}}&
\uncover<1,3,6>{\KK{nz zz nz nz}{zz nz nz nz}{nz nz zz nz}{nz nz nz zz}}&
\uncover<1->   {\KK{zz nz nz nz}{nz zz nz nz}{nz nz zz nz}{nz nz nz zz}}&
\uncover<1,3,6>{\KK{zz nz nz nz}{nz zz nz nz}{nz nz nz zz}{nz nz zz nz}}
\\
\uncover<1,4,6>{\KK{nz zz nz nz}{nz nz zz nz}{nz nz nz zz}{zz nz nz nz}}&
\uncover<1,5,6>{\KK{nz nz nz zz}{nz zz nz nz}{nz nz zz nz}{zz nz nz nz}}&
\uncover<1,4,6>{\KK{nz nz zz nz}{nz zz nz nz}{zz nz nz nz}{nz nz nz zz}}&
\uncover<1,5,6>{\KK{nz zz nz nz}{nz nz nz zz}{zz nz nz nz}{nz nz zz nz}}
\\
\uncover<1->   {\KK{nz nz nz zz}{nz nz zz nz}{nz zz nz nz}{zz nz nz nz}}&
\uncover<1,3,6>{\KK{nz nz zz nz}{nz nz nz zz}{nz zz nz nz}{zz nz nz nz}}&
\uncover<1->   {\KK{nz nz zz nz}{nz nz nz zz}{zz nz nz nz}{nz zz nz nz}}&
\uncover<1,3,6>{\KK{nz nz nz zz}{nz nz zz nz}{zz nz nz nz}{nz zz nz nz}}
\end{array}
$$
\end{frame}
\begin{frame}{Upper bound: the map $\kappa$}
\begin{itemize}%[<+->]
 \item For arbitrary $m$, $n\ge 0$, the action of $\kappa: \mathrm{MDS}_{D(m+1,n)}\to \mathrm{MDS}_{D(m+1,n)}$ is defined as follows:
%$$\kappa M \stackrel{\scriptscriptstyle \mathrm{def}}= \big\{ (x_1,...,x_m,z_1,z_2,y_1,...,y_n)\in D(m,n+2) \,\big|\, (z_1,z_2)\in \kappa \{ v \in \Sh \mid  (x_1,...,x_m,v,y_1,...,y_n)\in M \}\big\}$$
\begin{eqnarray*}
\kappa M &\stackrel{\scriptscriptstyle \mathrm{def}}=& \big\{ (x_1,...,x_m,z_1,z_2,y_1,...,y_n)\in D(m,n+2) \,\\
&&\mbox{}\ \ \ \ \ \ \big|\, (z_1,z_2)\in \xi M_{x_1,...,x_m,y_1,...,y_n}\big\},
\end{eqnarray*}
where
$$
M_{x_1,...,x_m,y_1,...,y_n} \stackrel{\scriptscriptstyle \mathrm{def}}= \{ v \in Sh \mid  (x_1,...,x_m,v,y_1,...,y_n)\in M \}  
$$
\item
Then, $\kappa^m$ injectively maps $\mathrm{MDS}_{D(m,n)}$ into $\mathrm{MDS}_{D(0,2m+n)}$.
\item \alert{COROLLARY:} $|\mathrm{MDS}_{D(m,n)}| \le |\mathrm{MDS}_{D(0,2m+n)}|=2^{2^{2m+n-1}(1+o(1))}$.
\end{itemize}

\end{frame}

\begin{frame}{Two-fold MDS codes}
The problem of asymptotic of log log of the number of objects is unsolved for so-called two-fold MDS codes in $H(n,4)$.
\begin{tikzpicture}[
scale=0.6,
nz/.style={circle,fill=white,draw=black, 
           inner sep=2.4pt},
zz/.style={circle,fill=black,draw=black, 
           inner sep=2.4pt}]
\begin{scope} %xslant=0.577,
\clip [] (-0.05,-0.05) rectangle (3.05,3.05);
\draw[ystep=1,xstep=1] (-4.9,-2.1) grid (5.4,3.9);
\end{scope}
\draw[] (0,3) to [out=-110,in=110]  (0,0); \draw[] (0,2) to [out=-60,in=60]  (0,0); \draw[] (0,3) to [out=-60,in=60]  (0,1);
\draw[] (1,3) to [out=-110,in=110]  (1,0); \draw[] (1,2) to [out=-60,in=60]  (1,0); \draw[] (1,3) to [out=-60,in=60]  (1,1);
\draw[] (2,3) to [out=-110,in=110]  (2,0); \draw[] (2,2) to [out=-60,in=60]  (2,0); \draw[] (2,3) to [out=-60,in=60]  (2,1);
\draw[] (3,3) to [out=-110,in=110]  (3,0); \draw[] (3,2) to [out=-60,in=60]  (3,0); \draw[] (3,3) to [out=-60,in=60]  (3,1);
%
\draw[] (0,0) to [out=-20,in=-160]  (3,0); \draw[] (0,0) to [out=30,in=150]  (2,0); \draw[] (1,0) to [out=30,in=150]  (3,0);
\draw[] (0,1) to [out=-20,in=-160]  (3,1); \draw[] (0,1) to [out=30,in=150]  (2,1); \draw[] (1,1) to [out=30,in=150]  (3,1);
\draw[] (0,2) to [out=-20,in=-160]  (3,2); \draw[] (0,2) to [out=30,in=150]  (2,2); \draw[] (1,2) to [out=30,in=150]  (3,2);
\draw[] (0,3) to [out=-20,in=-160]  (3,3); \draw[] (0,3) to [out=30,in=150]  (2,3); \draw[] (1,3) to [out=30,in=150]  (3,3);
%
\draw 
 (0,0) 
 node [zz] {} +(1,0) node [zz] {} +(2,0) node [nz] {} +(3,0) node [nz]{}
++(0,1)
 node [zz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [nz]{}
++(0,1) 
 node [nz] {} +(1,0) node [nz] {} +(2,0) node [zz] {} +(3,0) node [zz]{}
++(0,1) 
 node [nz] {} +(1,0) node [zz] {} +(2,0) node [nz] {} +(3,0) node [zz]{};
\end{tikzpicture}
\end{frame}
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Hamming graph

© The Hamming graph H(n, q) is the Cartesian product K of n
copies of the complete graph K; of order q.

@ The number of vertices in H(n, q) is ¢", and the independence
number of H(n,q) is ¢"~! = q"/q. The maximum (of
cardinality g"~!) independent sets in H(n, q) are known as the
(distance-2) MDS codes.

@ In combinatorics, these objects are also known as the latin
hypercubes. In this case, one of the coordinates is usually
considered as dependent from the others.

o If a latin hypercube is considered as the value table of an
(n — 1)-ary operation Q, then the corresponding system
(V(Kq), Q) is known as a multary, or polyadic, or (n — 1)-ary
quasigroup.



Examples of MDS codes
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The number of MDS codes

IMDS(H(n,2))| =2

IMDS(H(n,3))| =3-2""
IMDS(H(n,4))| = 22" < 22" (4t of all sets)
22n/2

< |MDS(H(n,5) <23
23" < |MDS(H(n,6))] <2+
22" < |IMDS(H(n,q))| <2*"

To compare, for binary perfect codes, n =2k — 1,

22n/2 (1+0(1)) < |BPC( (n’ 2))| < 22n(1+o(1))

The same situation with Boolean bent functions.



Srikhande graph

The Shrikhande graph Sh can be considered as the Cayley graph of
Z? with the connecting set {01,10, 11,03, 30, 33}.



Srikhande graph




The Doob graphs

m @n
o D(m,n) = Sh™ x K} = X
e If m > 0 then D(m,n) is a Doob graph.
e D(0, n) is the Hamming graph H(n,4)
(in general, H(n, q) = KJ)

e D(m, n) is a distance-regular graph with the same parameters
as H(2m + n, 4).



Distance-2 MDS codes

@ It is easy to see that the independence number of D(m, n) is
42men /4,

@ The maximum independent sets in the Hamming graphs are
known as the (distance-2) MDS codes.

@ We call the maximum independent sets in the Doob graphs
(distance-2) MDS codes too, as they have the same
parameters considered as error-correcting codes and as
completely regular codes.



Distance-2 MDS codes

@ There are 4 trivial MDS codes in D(0,1);
@ 24 equivalent MDS codes in D(0, 2);

@ 16 MDS codes in D(1,0),
which form two equivalence classes (with 4 and 12
representatives, respectively).



MDS codes in D(1,0) and D(1,1)

g
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Distance-2 MDS codes

@ The number of MDS codes in D(0, n) is

0271 (1+0(1))

(actually, the asymptotics is known [V Potapov, DK, 2006]).
e MAIN THEOREM: The number of MDS codes in D(m, n) is

222m+n—1(1+0(1)).



Lower bound: simple construction

For every function X from ({0,1,2,3}™ x {0,1}")

to {0? 1}1
the set

even

m-+n
def /i / } : !
M)\ = {(X].Xl’ Xm+n m+n) € D(m n) ) XI = Omod 2,

m-+n

/A / /
g xi = XX, e, Xy pp) mod 2}
i=1

is an MDS code. This gives 22°"""" different MDS codes in
D(m, n).



Upper bound: the map &

The map & from MDSp(; gy to MDSp(g.2)




Upper bound: the map &

The map & from MDSp(; gy to MDSp(g.2)
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Upper bound: the map &

The map & from MDSp(; gy to MDSp(g.2)
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The map & from MDSp(; gy to MDSp(g.2)




Upper bound: the map &

The map & from MDSp(; gy to MDSp(g.2)
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Upper bound: the map &

The map & from MDSp(; gy to MDSp(g.2)




Upper bound: the map &

o For arbitrary m, n > 0, the action of
K MDSp(m41,n) — MDSp(m1,n) is defined as follows:

kM déf {(Xl,---,Xm721722,}/1a---7yn) € D(m7n+2)
‘ (21722) € §MX17~~~,Xm;y1,~~~7yn}’
where
MXl?"'7Xm7YI=--'7_yn Cg {V € Sh ‘ (X17 = Xmy Vs, Y1, ""-y”) € M}

@ Then, x™ injectively maps MDSp(p, ny into MDSp(g 2m+-n)-

o COROLLARY:
IMDSp(mn)| < IMDSp(0.2myny| = 227" (o)),



Two-fold MDS codes

The problem of asymptotic of log log of the number of objects is
unsolved for so-called two-fold MDS codes in H(n,4).
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